Abstract -A singularly perturbed two-point boundary-value problem is considered. Working in the discrete maximum norm, a necessary condition for the convergence (uniformly in the singular perturbation parameter) of general difference schemes on general meshes is proved. This encompasses both a 1976 result of Miller for uniform meshes and more recent results of the same author that deal with piecewise uniform Shishkin meshes. 2000 Mathematics Subject Classification: 65L20, 65L50.
Introduction
One of John J. H. Miller's earliest appearances in the literature on numerical methods for singularly perturbed problems is as author of the 1976 paper [6] . This short but interesting paper considered uniformly convergent difference schemes on an equidistant mesh applied to a convection-diffusion two-point boundary-value problem, and broke new ground by giving a necessary condition that coefficients of such a scheme must possess. The result was also presented later in Doolan, Miller and Schilders [2] .
Today, JJHM's name is most often found on papers that deal with uniform convergence on piecewise-uniform (Shishkin) meshes. In particular, the widely-cited book by Farrell et al. [3] , which appeared in 2000, argues that for simple upwinding, a Shishkin mesh is a natural choice.
Thus, JJHM has moved from [6] the question "what scheme should one use on a given mesh?" to [3] "what mesh should one use with a given scheme?" In the present paper we present an extension of his original 1976 argument that links these two questions.
Convection-diffusion problems and their meshes
Consider the singularly perturbed two-point boundary-value problem
The solution u of (1) typically has an exponential boundary layer at x = 0. It is well known that
where u 0 is the solution of the reduced problem:
Roos and Linß [7] have developed a classification of graded meshes for convection-diffusion problems such as (1), and we imitate their exposition here. Let N be an even positive integer.
]. This type of mesh is coarse away from the boundary layer, but permits mesh refinement near x = 0.
We do not specify the transition point τ ≡ x N/2 ; in the case of a Shishkin mesh it can be (2ε/β) ln N , while for a mesh equidistant on all of [ 
We make the mild assumption that max i h i 2/N , which is valid for all meshes routinely used to solve (3).
On the above mesh, consider a general three-point difference scheme:
Here u i denotes the computed solution at the mesh-point x i . This general formulation includes exponentially-fitted schemes like those of [6] , as well as the simple upwinding used in [3] . Assume that r Throughout the paper, C will denote a generic positive constant that is independent of ε and of the mesh.
The JJHM theorem
The argument of [6] forms the basis for the proof of our theorem. It hinges on the fact (well known to those who struggle with proofs of uniform convergence) that for uniformly convergent schemes, the most demanding regime is inside the boundary layer when the diffusion parameter ε and discretization parameter N are related by ε ≈ N −1 . Scheme (3) is said to be uniformly convergent (with respect to the singular perturbation parameter ε) if lim
That is, we consider only convergence in the discrete L ∞ norm. 
Proof. Fix i. The result deals with a limit as N → ∞, so we can assume that i < N/2. Since max j h j 2/N and
Multiply (3) by /ε, take the limit as N → ∞, and invoke (5), the uniform convergence of the scheme and the asymptotic approximation (2) to get The identity (4) is for general schemes on general meshes and broadens the applicability of JJHM's 1976 result, encompassing families of meshes such as equidistant, graded, and piecewise uniform. The assumption in the theorem that the various limits exist holds true for all familiar schemes on standard layer-adapted meshes.
In the case of a mesh equidistant on all of [0, 1], one finds that ϑ i = ϑ i+1 = b(0) and our Theorem reduces to the main result of [6] , which proved that exponential fitting is then necessary for uniform convergence. In the case of a standard Shishkin mesh with τ = kε ln N for some constant k, one has ϑ i = ϑ i+1 = 0, so criterion (4) is satisfied by any scheme having r − i + r c i + r + i = 0 for all i. This weak requirement is fulfilled by all standard schemes, including simple upwinding (which is well known to be uniformly convergent-see, e.g., [3] ) and central differencing (which is shown in [1] to be uniformly convergent).
What the theorem says about the mesh
Let's now look at our theorem from the point of view opposite to [6] : starting from a given scheme, can we make some deduction about the mesh needed to attain uniform convergence? As an example, consider one of the most popular difference schemes: simple upwinding. 
Adopt the convention that whenever we consider lim N →∞ we take ε = N −1
. Let i be a fixed positive integer. Assume that the following limits exist:
. Then the necessary condition (4) for uniform convergence is satisfied if and only if
One can write (4) as g(ϑ i ) = 0, where for z 0 we define
It is easy to check that g(0) = g (0) = 0, and for z > 0 we have
Hence g (z) < 0 for z > 0, and z = 0 is the only nonnegative solution of g(z) = 0. Thus (4) is satisfied if and only if ϑ i = 0 and ϑ i+1 = λϑ i = 0.
As (6) says that the mesh width must be o(ε) as one approaches x = 0. In the case of a Shishkin mesh, it means that the transition point τ must satisfy lim N →∞ τ = 0 (when ε = 1/N ); this result forms part of [3, Theorem 3.20] .
The theorem and corollary show that JJHM's original result of [6] can be extended to give a connection with his more recent work in [3] .
Some cautionary observations
The theorem deals only with what happens near x = 0 and tells us nothing about the relationship of the scheme and mesh near the transition point τ . To construct meshes that yield uniform convergence, the behavior at τ is also important, as has been pointed out by Gartland [4] and Shishkin [3, 8] . That is, the necessary condition (4) is not a sufficient condition for uniform convergence; we now give two illustrative examples.
First, consider simple upwinding on a Shishkin mesh with transition point τ = ε. Owing to the incorrect choice of transition point, this scheme fails to be uniformly convergent [3, Theorem 3 .20] even though it satisfies (4).
Second, even on a standard Shishkin mesh with transition point τ = kε ln N for some constant k, a scheme that satisfies (4) may fail to be uniformly convergent. Remark 4 of [1] notes that if one uses the usual second-order divided difference for the second-order derivative, and for the discrete approximation of the first-order derivative either u (x i ) ≈ 1 2
-these are the same as central differencing except at the transition point-then the computed solution fails to be uniformly convergent. Details can be found in [5] . I am indebted to Natalia Kopteva for this information. Thus, the theorem of this paper can be regarded as a heuristic that gives some guidance in the construction of uniformly convergent scheme/mesh combinations. The reader may (or may not) be wondering why the theorem is also described as "jejune"; a clue can be found by taking an initial interest in the paper's title.
